The effect of particle overtaking on transport in a narrow channel is studied using a 1d model of a driven tracer in a quiescent bath. In contrast with the well-studied non-driven case, where the tracer's long-time dynamics is diffusive whenever overtaking is allowed, the driven tracer is shown to retain the hallmark single-file, sub-diffusive behavior for finite overtaking rates. Beyond a critical rate, the model exhibits a non-equilibrium phase transition from single-file to ballistic transport. The tracer velocity and the bath density profile are studied in both the single file and ballistic phases, demonstrating the distinct features of these phases.
The motion of a tracer (tagged particle) in a bath of similar particles confined to a narrow channel is a classical problem which has attracted a wealth of theoretical and experimental studies for several decades. For a sufficiently narrow channel, where particles cannot overtake each other, the motion of the tracer, known as single file (SF) diffusion, is rather constrained due to strong spatial and temporal correlations between particles, which are generated by the geometrical confinement. As a result, for example, the mean-square displacement of a tracer grows sub-diffusively at long time as √ t, rather than linearly as is the case in ordinary diffusion [1] [2] [3] . An interesting question is how does the motion of the tracer change from SF to ordinary diffusion when the channel becomes wide enough to allow particle overtaking. Many studies devoted to this question have shown that the crossover from SF sub-diffusion to ordinary diffusion is smooth, with diffusion dominating at asymptotically long times for any finite overtaking rate [4] [5] [6] [7] . This crossover can be described by a time dependent "diffusion constant" x 2 ∝ D (t) t. At short times D (t) ∝ 1/ √ t yields SF behavior whereas at long times D (t) approaches a non-vanishing constant, as expected in ordinary diffusion.
New developments in experimental techniques, such as microrehology [8] and microfluidics [9] , make it possible to locally manipulate fluids of interacting particles, either by optical or magnetic means [10, 11] . These experimental tools have been used in many studies of complex fluids with constrained dynamics such as polymer solutions [12] [13] [14] , colloids [15, 16] , granular systems [17] and others [18] [19] [20] . On the theoretical side, this has led to numerous studies of various models in which a driven tracer moves in a narrow channel of quiescent medium [21] [22] [23] [24] [25] [26] [27] . In the absence of overtaking, SF sub-diffusion is similarly observed in the driven case, with the mean square displacement growing as √ t at large t. On an infinitely-long system the tracer position, too, grows as √ t [21-23, 26, 28] , while for a finite system, say, a ring of length L, a finite steady state velocity v ∼ O L −1 is maintained [26, 29] . A natural open question is, how does the motion of a driven tracer change when overtaking with the bath particles is allowed. In particular, can the SF behavior be maintained at small overtaking rates or does it asymptotically cross over to ordinary diffusion, as in the non-driven case.
In this letter we address this question by considering a 1d driven tracer model and studying its behavior in the presence of overtaking. Using mean-field (MF) analysis, together with numerical simulations, we demonstrate that unlike the smooth crossover observed in equilibrium, non-driven settings, the SF behavior in this model persists for small but finite overtaking rates. It changes to ballistic behavior via a phase transition which occurs at some finite overtaking rate. In the limit of large system size, L, the SF phase is characterized by subdiffusive tracer dynamics and an average tracer velocity which scales as v ∼ L −1 . The corresponding bath density profile, which is stationary in the tracer reference frame, is macroscopic and extends throughout the entire system. On the other hand, in the ballistic phase the average velocity v is finite, the mean square displacement of the tracer grows linearly with time, and the density profile is localized around the tracer.
The model: We consider a 1d ring of L sites labeled by = 0, 1, ..., L−1, occupied by one tracer particle and N bath particles whose density is denoted by ρ = N L−1 . The particles interact through simple exclusion whereby each site holds one particle at most. The bath particles evolve by symmetric simple exclusion process (SSEP) dynamics. They attempt to hop to neighboring right or left sites with equal rates 1 whereas the tracer hopping rates are p to the right and q to the left. Hops only occur if the target site is vacant. In addition, the tracer tries to exchange places with a bath particle occupying the neighboring right site with rate p and the left site with rate q , if a bath particle is present at these sites. These dynamics are illustrated by where vacant sites, bath particles and the tracer are respectively denoted by 0, 1 and 2 and the rates of each process are depicted by the corresponding arrows.
The case of vanishing exchange rates p = q = 0, which corresponds to SF dynamics has been extensively studied in the past. Here we are interested in the effect of exchange processes on the steady state of the model. In particular we evaluate the steady state properties of the model in the reference frame of the tracer, located at site = 0. It is worthwhile noting the following symmetry properties of the model. Under space inversion → L − together with rates exchange p ↔ q and p ↔ q the steady state density profile in the tracer's frame transforms as ρ → ρ L− together with velocity reversal of the tracer v → −v. Another transformation is particle-hole exchange (which leads toρ → 1 −ρ) together with p ↔ p and q ↔ q . Here the steady state density profile transforms as ρ → 1−ρ and the tracer's velocity stays unchanged.
Main Results: Before presenting our analysis, we briefly summarize the main results obtained by MF calculations and numerical simulations. These demonstrate the existence of a phase transition separating a SF phase, with v ∝ 1/L and sub-diffusive tracer dynamics, from a ballistic phase, with finite v and diffusive dynamics. The results are most conveniently presented when the hop and exchange rates are rewritten as
where r and r are the average hopping and exchange rates, respectively, while rδ and r δ are the biases in these rates. Here r, r ≥ 0 and −1 ≤ δ, δ ≤ 1. In the MF analysis we find two critical manifolds at average densities ρ I c and ρ II c given by
Note that the two manifolds are independent of the average rates r and r and thus the phase diagram can be represented in the three-dimensional parameter space {ρ, δ, δ }. For convenience and without loss of generality, we take δ > 0 in the rest of the paper.
The SF phase exists for δ < 0 at average density ρ I c < ρ < ρ II c . Outside this range, namely at low (ρ < ρ I c ), and high (ρ > ρ II c ) average density, the phase is ballistic. A typical phase diagram in the (δ , ρ) plane is depicted in Fig. 1 . A different section, in the (δ, δ ) plane, is presented in the supplemental material.
The phase diagram and the nature of the phase transition may be understood as follows: At low density, there are few bath particles behind the tracer with which it can exchange places. Consequently, hopping domi- nates over exchange. Since δ > 0, a positive steadystate tracer velocity v > 0 arises, indicating that the system is in the ballistic phase. In this phase the moving tracer generates, in its reference frame, a stationary bath-particle density profile with some induced density excess localized ahead of the tracer. The extent of this region and the number of bath particles entrained in it are of O (1) compared with N and L, respectively. As the average density increases, more bath particles are found near the tracer, making the exchange process more pronounced. For δ < 0, particles are effectively "pumped" from behind the tracer, increasing the density excess region ahead. At the critical density ρ = ρ I c this region becomes macroscopically large of O (L), the tracer's velocity vanishes and a transition to the SF phase takes place. The transition is continuous in the tracer's velocity, which vanishes when approaching the transition from the ballistic phase as
with s a constant given in Eq. (16) . To establish this picture, Fig. 2 shows the steadystate tracer velocity against ρ for given hopping and exchange rates, as obtained by MF calculations and numerical simulations. At low density, the system is in the ballistic phase and the tracer velocity is finite and positive due to the hopping bias p > q. When ρ crosses ρ I c , the systems enters the SF phase where v becomes vanishingly small as 1/L for large L. Particle-hole symmetry yields a similar picture as ρ grows past ρ II c , leading the system back into the ballistic phase, this time with v < 0 driven by the exchange bias q > p .
In the SF phase, the mean square displacement of the tracer's position exhibits sub-diffusive scaling, similar to the typical sub-diffusive behavior observed in SF models [21-23, 26, 28] , as demonstrated numerically in the supplemental material.
In Fig. 3 we present the density profile in the tracer's frame. Panel A shows a collapse as a function of x = /L in the SF phase, where the ∼ O (L) density excess ahead of the tracer is macroscopically large and extends throughout the system. Panels B and C show a collapse as a function of in the ballistic phase. Here, the ∼ O (1) density excess is localized, leaving the density in the rest of the system basically unchanged ≈ ρ. The excellent agreement in Figs. 2 and 3 between the numerical simulation results and the MF calculations suggests that the model's stationary behavior is well approximated by the MF description.
MF Analysis:
We next compute the stationary properties of the model in the MF approximation, where correlations between the occupation of different sites are neglected, focusing on the bath density profile and average tracer velocity. To this end, we first formulate the MF equations for the bath density ρ at sites = 1, 2, ..., L − 1 in the tracer's reference frame, whose position is set to = 0. The equation for ρ in the bulk of the system, i.e. at sites ∈ [2, L − 2], is
whereas, at the first and last sites = 1 and = L − 1, the density satisfies the boundary equations
The tracer moving rates to the right v + and left v − are given by (6) and are used to define the tracer velocity v = v + − v − and the total rates of move u = v + + v − . The stationary bulk equation (4) then becomes (7) where c = v/ (1 + u/2). The resulting density profile is
where the parameters A, c and ρ 1 are determined by the boundary Eqs. (5) 
, where a is a constant, and considering the limit of large L, a continuum limit of Eq. (7) is obtained. In this limit the density profile can be writ-
where A and a are determined by the boundary equation
and the normalization condition ρ = A + (ρ 1 − A) W , where W = (1 − e −a ) /a. The densities ρ 1 and ρ L−1 can be determined using the boundary Eqs. (5) by noting that in the SF phase ρ 2 and ρ L−2 are equal to ρ 1 and ρ L−1 , respectively, up to negligible terms of order O L −1 . As a result, these densities are found to be
When inserted into Eq. (10) and the normalization condition, these expressions determine A and provide an explicit (transcendental) equation for a,
Note that the SF phase exists only when the hopping drive (p − q) and the exchange drive (p − q ) have opposite signs. This simply follows from the requirement that the SF solution for the density should satisfy 0 ≤ ρ in Eq. (11) we find that the transition takes place at the two manifolds given in Eq. (2).
We conclude the SF analysis by noting that, in the large a limit, Eq. (12) becomes
with vanishing denominator at the transition. The divergence of a indicates the change of the large-L behavior of c from a/L in the SF phase to a finite value in the ballistic phase. The Ballistic Phase: In the ballistic phase c does not vanish at large L and, thus, any deviation of the bath density profile ρ from its mean value ρ is localized in an O (1) region ahead of the tracer. In particular, one
corrections. Again, we analyze the case c > 0. The density profile in this phase is given by Eq. (8) with A = ρ. In order to determine ρ 1 and c we note that ρ L−1 = ρ L−2 (= ρ), due to the exponential decay of the density profile at large distances. Using this in the boundary equation for ρ L−1 , one can express ρ 1 in terms of ρ and the dynamical rates of the model. This expression may in turn be used to determine c through Eq. (6) .
The expressions for ρ 1 and c take simple forms near the transition. At the transition, where c = 0, the density profile coincides with that of the SF phase, where
At small deviations from the critical density, namely for ρ = ρ c + δρ and ρ 1 = ρ 1c + δρ 1 , the boundary equation for ρ L−1 becomes
to linear order in these deviations. The velocity of the tracer, which is given
Thus we find that in the ballistic phase the tracer's velocity grows linearly with the deviation of the average density from its critical value.
In conclusion, our study suggests that geometricallyconstrained driven tracer transport exhibits a phase transition from single-file to ballistic behavior when overtaking processes are allowed. It is of interest to study the behavior of multiple tracers in this model. Preliminary studies show that tracers strongly attract each other, generating a macrscopic condensate. We leave this discussion to a forthcoming publication. It would also be interesting to study the effect of overtaking on other set-ups of transport in constrained geometry, such as particles moving in a narrow channel, and test the existence of the phase transition and condensation found in the present study.
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SUPPLEMENTAL MATERIAL
Here we present additional figures to supplement the results presented in the main text.
Phase Diagram
In Fig. 4 the (δ, δ ) phase diagram for density ρ = 1/4, as predicted by the MF analysis, is shown. Ballistic and SF regions are indicated. Figure 5 presents the long time behavior of the tracer's displacement and mean square displacement in both the SF and ballistic phases. In Fig. 6 we plot the tracer velocity v as a function of the inverse system length 1/L for ρ in the ballistic and SF phases. It is evident that the velocity in the SF phase decreases as 1/L while in the ballistic phase it barely changes with L, approaching a non-vanishing constant at large L. 
SF Phase Behavior

